Solution of A-D equation with condition 2

Basics of Fourier transform

Fourier transform(#) of f(x) (-c2<x<)
Fourier inverse transform (#-?) of #w) (-cP<w<)

f(x) =2 F= Fw) = F1= f(x)

1 *© —iwx
Ff]= F(W):ﬁj_w f(XE™dX (1)  Fourier transforms of various

1 o _ functions are tabulated.
' [F]=f(x)= NP LO F(we"dw (2)

o) (97 020 g p(w)=i 2N (@

* (x<0) T 1+ w?
f(x)=r1 (-1<x<1) <:>F( )= 2sinw  (3-2)
0 (x<-1x>1) W=7
F(x)=e™ &= pw)=Letr (3
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Basics of Fourier transform cont.

elinearity of Fourier transform
for any functions f(x) and g(x), constants a,b

rlaf +bg]=as[f]+be[g] (4)
*Fourier transform of the derivative about x
oD #[f'(q)]=iwe[f ()]  #[f")]=-wF[f ()] (5)

D F|C,]=iwF[C] ¢#[c, ]=-wie[c] (6)

rlc]-Sec] #le,)-Soelc] @

_C(xt) o _dCck ~ _9CKY ¢ _0°C(x1)

2
X 8X XX 8X 2 t 8’[ at
Geo_Env by J. Takemura 2

C




Basics of Fourier transform cont.

sconvolution
convolution of functions f(x) and g(x):

(f*g)0 =] fgx-wydw=[" f(x-w)g(w)dw (8)

F(f *g)=+27F(f)F(g) (9)

inverse Fourier transform of (9)

(f xg) =2z [F(£)F(9)] (10)

@— (f*g)) =] #(f)r(g)e™adw  (11)
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Solution of Diffusive equation with condition 2
Heaviside fun.

No B.C. ‘//////

2
©C_p,2C @12 1.C.C(x0={1-HX)}C, = {o x>=0

ot ox’
C, x<0

(13)

Stepl: as x can be expanded from — ¢2to >, make Fourier transforms
of (12), (13) about x.

Fcl=D,#lc,] (4  FlCxO)=Fll-HX)] (15)
| ®))
PO __pwum 14) U= d1-HR] =owm) (15"
Step?2: solve transformed equations (147)(15°)

U(t)=#C(x,t)] is function of t and w, but w can be treated as const. for DE (14°).
2
U (t) = d(w)e > (16)
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Solution of D equation with condition 2 cont.
Step3: Inverse Fourier transforms of U(t,w) = C(x,t)
Clxt) = U] =" jowe >*| a7

From convolution theorem (10)

c(xt)=F[owe > |= L pi[ow)]ss oo ]

J2r
1 1 ~x2/(4D,t) s 2 _ 2
= (1-H C.x m) | -\ Pl =D, tw
\/Z( (x))C, L/fmte } (2),(3-3) [zj
8) — = 1— H (w))e " 4o gyy
== W [ @-Hw)) (18)
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Solution of D equation with condition 2 cont.

(13) . (18) C(X,t) — fo e—(x—w)2/(4Dmt)dW (19)

C:0
2./ t =

———dw (20)
| ZF F
il ﬂz
C(x,t) = j/(z ¢ 48 e

Advective part can be
included by coordinate EC 1+erf — 2 (x < 0)
transformation: ) 2 " 2(D, t)*° 22

g X— tht - ]_C ¢ X (O< )

~Cerfc———— < X
T =1 2 ° 2(D.t)"*
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Solution of different initial condition c
No B.C. :
|.C. C(x,0)=C, -a<x<a
0 xoa } 3
(18) C -a0 a ;
23) — C(x.1) = 0 ® @ (- W)*((4Dyt) o
(x.0) 2 /ﬁDmt j—a (24)
for pulse source a =>0, dw=2a
C(x,t) 1 x2
C, 2D (25)

NDC for u=0: ¢(x) = \/—Gexp{ Xz} (26)

from (25) and (26) 2D t=0?, D_=o?/2t (27)
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Transport of instantaneous (pulse) source contaminant

(@) 1D to o
f 10T normal distribution curve
&) t
c 0.8 1
2
g 0.6 t
s —> 2 tp >t
g 0.4 Dir%cf:tion \ 2>h>b
Lg) transport
@D
o

0 ) f§

(b) 2D direction of flow ty

* > @
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